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We generalize the linear rational expectations solution method of Whiteman (1983) to the
multivariate case. This facilitates the use of a generic exogenous driving process that must

Received in revised form

16 July 2015

Accepted 27 July 2015

Available online 25 August 2015

only satisfy covariance stationarity. Multivariate cross-equation restrictions linking the
Wold representation of the exogenous process to the endogenous variables of the rational
expectations model are obtained. We argue that this approach offers important insights
into rational expectations models. We give two examples in the paper—an asset pricing
JEL classification: model with incomplete information and a monetary model with observationally equiva-

C3§ lent monetary-fiscal policy interactions. We relate our solution methodology to other
Egs popular approaches to solving multivariate linear rational expectations models, and
63 provide user-friendly code that executes our approach.
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1. Introduction

Whiteman (1983)lays out a solution principle for solving stationary, linear rational expectations models. The four tenets
of the solution principle are: (i) Exogenous driving processes are taken to be zero-mean linearly regular covariance
stationary stochastic processes with known Wold representation; (ii) expectations are formed rationally and are computed
using Wiener-Kolmogorov formula; (iii) solutions are sought in the space spanned by time-independent square-summable
linear combinations of the process fundamental for the driving process; (iv) the rational expectations restrictions are
required to hold for all realizations of the driving processes. The purpose of this paper is to extend Whiteman's solution
principle to the multivariate setting.

The solution principle is general in the sense that the exogenous driving processes are assumed to only satisfy covariance
stationarity. Solving for a rational expectations equilibrium is nontrivial under this assumption and Whiteman demonstrates
how powerful z-transform techniques can be used to derive the appropriate fixed point conditions.
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The techniques advocated in Whiteman (1983) are not well-known. This could be because the literature contains several
well-vetted solution procedures for linearized rational expectations models (e.g., Sims, 2001b; Anderson, 2006) or because
the solution procedure requires working knowledge of concepts unfamiliar to economists (e.g., z-transforms). We provide an
introduction to these concepts and argue that there remain several advantages of Whiteman's approach on both theoretical
and applied grounds. First, the approach only assumes that the exogenous driving processes possess a Wold representation,
allowing for a relaxation of the standard assumption that exogenous driving processes follow an autoregressive process of
order one, AR(1), specification. As recently emphasized in Curdia and Reis (2012), no justification is typically given for the AR
(1) specification with little exploration into alternative stochastic processes despite obvious benefits to such deviations.!
Second, models with incomplete information or heterogeneous beliefs are easier to solve using the z-transform approach
advocated by Whiteman. Kasa (2000) and Walker (2007) show how these methods can be used to generate analytic
solutions to problems that were approximated by Townsend (1983) and Singleton (1987).2 Third, as shown in Kasa (2001)
and Lewis and Whiteman (2008), the approach can easily be extended to allow for robustness as advocated by Hansen et al.
(2011) or rational inattention as advocated by Sims (2001a). Finally, there are potential insights into the econometrics of
rational expectations models. Qu and Tkachenko (2012) demonstrate how working in the frequency-domain can deliver
simple identification conditions.

The contribution of the paper is to extend the approach of Whiteman (1983) to the multivariate setting and (re)introduce
users of linear rational expectations models to the analytic function solution technique. We provide sufficient (though not
exhaustive) background by introducing a few key theorems in Section 2.1 and walking readers through the univariate
example of Whiteman, 1983 in Section 2.2. Section 3 establishes the main result of the paper. There is a chapter devoted to
multivariate analysis in Whiteman (1983) that has known errors (see Onatski, 2006; Sims, 2007). Section 3.3 provides an
example of these errors and demonstrates why our approach does not suffer from the same setback. In effect, our approach
is a straightforward way to maintain the methodology of Whiteman by providing robust existence and uniqueness criteria.
Finally, Section 4 provides a few examples that demonstrate the usefulness of solving linear rational expectations models in
the frequency-domain. An online Appendix B provides a user's guide to the MATLAB and Maple code that executes the
solution procedure. To the best of our knowledge, our symbolic code, along with the Anderson-Moore Algorithm (Anderson
and Moore, 1985; Anderson, 2006), is the only publicly available code that symbolically solves for rational expectations
equilibria. The code is available at http://www.pages.iu.edu/walkertb/.

2. Preliminaries

Elementary results concerning the theory of stationary stochastic processes and the residue calculus are necessary for
grasping the z-transform approach advocated here. This section introduces few important theorems that are relatively well-
known but is by no means exhaustive. Interested readers are directed to Brown and Churchill (2013) and Whittle (1983) for
good references on complex analysis and stochastic processes, and Kailath (1980) for results on matrix polynomials. Sargent
(1987) provides a good introduction to these concepts and discusses economic applications.

2.1. A few useful theorems

The first principle of Whiteman's solution procedure assumes that the exogenous driving processes are zero-mean linear
covariance stationary stochastic processes with no other restrictions imposed. The Wold representation theorem allows for
such a general specification.

Theorem 1 (Wold Representation Theorem). Let {x;} be any (n x 1) covariance stationary stochastic process with E(x;) = 0. Then
it can be uniquely represented in the form:

Xe =1, +AL)e; (1)

where A(L) is a matrix polynomial in the lag operator with A(0)=1I, and > 2° | AsA; is convergent. The process &, is n-variate
white noise with E(e;) =0, E(ere}) = 2 and E(grg;_ ) = 0 for m 0. The process ¢; is the innovation in predicting x; linearly from
its own past

& =X — PXelXe_1,X 2, ...] ()

where P[] denotes linear projection. The process 1, is linearly deterministic; there exists an n vector co and n x n matrices Cs such
that without error 1, = co+ > oo 1 Csij,_ and E[e;n;_,,] =0 for all m.

The Wold representation theorem states that any covariance stationary process can be written as a linear combination of
a (possibly infinite) moving average representation where the innovations are the linear forecast errors for x; and a process

1 This is true despite the fact that Kydland and Prescott (1982), the paper that arguably started the real business cycle literature, contains an interesting
deviation from the AR(1) specification.

2 Taub (1989), Kasa et al. (2014), Rondina (2009), and Rondina and Walker (2013) also use the space of analytic functions to characterize equilibrium in
models with informational frictions. Seiler and Taub (2008), Bernhardt and Taub (2008), and Bernhardt et al. (2010) show how these methods can be used
to accurately approximate asymmetric information equilibria in models with richer specifications of information.
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that can be predicted arbitrarily well by a linear function of past values of x;. The theorem is a representation determined by
second moments of the stochastic process only and therefore may not fully capture the data generating process. For
example, that the decomposition is linear suggests that a process could be deterministic in the strict sense and yet linearly
non-deterministic; Whittle (1983) provides examples of such processes. The innovations in the Wold representation are
generated by linear projections which need not be the same as the conditional expectation (E[x;|X;_1,X¢_2,...]). However,
our focus here will be on linear Gaussian stochastic processes as is standard in the rational expectations literature. Under
this assumption, the best conditional expectation coincides with linear projection.

The second principle advocated by Whiteman is that expectations are formed rationally and are computed using
Wiener-Kolmogorov optimal prediction formula. Consider minimizing the forecast error associated with the k-step ahead
prediction of x, =A(L)er = 377 ( aje;_j by choosing y, = C(L)ee = 3772  Gj&r_j

2
o0 o0
H},EU[E(XHk *yr)z = rl(‘ljl)l'l[E L7’<JZ:(] L Z Gi€—j

k—
=minE Zajer _it Z(aﬁk—cj)gt i

(e} j=

k-1 00
=02 @+02> (@ —g) 3)
j=o j=o0
Obviously, (3) is minimized by setting ¢; = a;, which yields the mean-square forecast error of o2 Z’f;(l)ajz. Due to the
Riesz-Fischer Theorem, this sequential problem has an equivalent representation as a functional problem.

Theorem 2 (Riesz-Fischer). Let D(\/r) denote a disk in the complex plane of radius /r centered at the origin. There is an
equivalence (i.e. an isometric isomorphism) between the space of r-summable sequences erf [fj|2 < oo and the Hardy space of
analytic functions f(z) in D(JF) satisfying the restriction

! frerieE

where § denotes (counterclockwise) contour integration around D(./T). An analytic function satisfying the above condition is said
to be r-integrable.>

27i

The Riesz-Fischer theorem implies that the optimal forecasting rule can be derived by finding the analytic function C(z)
on the unit disk |z| <1 corresponding to the z-transform of the {¢;} sequence, C(z) = ch: 0 cjzf, that solves

2 *A@z)— C(z)|? 4)

min -—

C(z) e 227
where H? denotes the Hardy space of square-integrable analytic functions on the unit disk, and ¢ denotes (counter-
clockwise) integration about the unit circle. The restriction C(z) e H? ensures that the forecast is casual (i.e., that the forecast

contains no future values of &'s).
The sequential forecasting rule, ¢; = ;. , has the functional equivalent

Cz)= Zqu {A(Z)} (5)
+

where A2)= >>7 a;Z and the operator [], is deﬁned for a sum that contains both positive and negative powers of z, as
the sum containing only the nonnegative powers of z.* The beauty of the prediction formula (5) is its generality. It holds for
any covariance stationary stochastic process. As an example, consider the AR (1) case, x; = px;_1+¢&: with |p| < 1. Here
A@Z)=(1—-pz)~! and (5) yields

1

-k )
2= [(1 pz)zk} =[z7"A+pz+p°z°+--)]

/)k
) =_r

_ Ak 2.2
=p*(1+pz+p°z°+ T—pz

which delivers the well-known least-square predictor p*x..>
The third principle assumes that solutions are sought in the space spanned by the time-independent square-summable linear
combinations of the process fundamental for the driving process. Consider the moving average process X; =A(L)u;; the

3 This theorem is usually proved for the case r=1 and for functions defined on the boundary of a disk. For further exposition see Sargent (1987).

4 For a detailed derivation of (5) from (4), see Lewis and Whiteman (2008).

5 It is often more convenient to express prediction formulas in terms of the x series as opposed to past forecast errors as in (5). If the process has an
autoregressive representation, then one may write the prediction formula as B(L)x;, where B(z) = A(z) [z *A(2)] Y-
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innovations u; are said to be fundamental for the x; process if u; e Span{x;_, k > 0}, i.e,, if the innovations span the same space as
the current and past observables. By construction, the innovations in the Wold representation theorem are fundamental. This
implies that for any covariance stationary exogenous driving process, there will always exist a unique fundamental representa-
tion. As we show in Section 4, the spanning conditions prove extremely convenient for backing out the information content of
exogenous and endogenous variables in dynamic, incomplete information rational expectations equilibria.

Following Whiteman (1983), our solution procedure takes advantage of matrix polynomial factorization, in particular the
Smith (or canonical) form decomposition. The following theorem and its proof and corollaries can be found in Kailath
(1980).

Theorem 3 (Smith Form). For any m x n polynomial matrix P(z)= Z;ZOP]-ZJ there exists elementary row and column
operations, or corresponding unimodular matrices U(z) and V(z) such that

U(@)P(2)V(2) = A2) (6)
with
).] (2) 0
. 0
A2)= 1@ 7)
0 0

where r is the (normal) rank of P(z) and the 1;(z)'s are unique monic scalar polynomials such that 1;(z) is divisible by 4;_1(2); U(2)
and V(z) are matrix polynomials of sizes m x m and n x n, with constant nonzero determinants.

This decomposition is useful because it allows us to isolate the roots of the polynomial matrix P(z) and identify roots
inside (and outside) the unit circle as shown in the following corollary.

Corollary 4. If P(z) is a square polynomial matrix whose determinant is nonzero on the unit circle and P(0) is nonsingular, then
P(z) can be written as P(z) = S(z)T(z) where the roots of det S(z) are inside the unit circle and those of det T(z) are outside the unit
circle.

Given that U(z) and V(z) are unimodular, U(z)~ ' and Y(z)*1 exist. Factor each of the polynomials 4;(z) such that the roots of
Afz) are inside the unit circle and those of Ai(z) are outside. Therefore we can write P(z)=S(2)T(z) where
S@)=U(2)" 'diag(4,(2), ....4,(2)) and T(2) = diag(41(2), ..., 4q@)V(2) .

2.2. Univariate case

It is instructive to work through a univariate example of Whiteman (1983). There is nothing new here but it will set the
stage for the generalization in the next section. Consider the following generic rational expectations model:
id
Eyes1—(P1+P2Ve+P1P2Ye 1 =X Xe=Aler, & ~N(0,1) (8)
where ¢; is assumed to be fundamental for x; (i.e., A(L) is assumed to have a one-sided inverse in non-negative powers of L).
Following the solution principle, we will look for a solution that is square-summable in the Hilbert space generated by the
fundamental shock e, y,=C(l)e; (third tenet). If we invoke the optimal prediction formula (5), then
EYer1 =[CA)/L], &= L~'[C(L)— Coler. Together with the fourth tenet of the solution principle (i.e. that the rational
expectation restrictions hold for all realizations of &), this implies that (8) can be written in z-transform as

27 C@) —Col— (p1 +p2)CQ@) +p192,2C(2) = AZ)
Multiplying by z and rearranging delivers
zA(z)+Co
(1=p12)(1=p,2)
Appealing to the Riesz-Fischer Thereom, square-summability (stationarity) in the time domain is tantamount to analyticity of
C(z) on the unit disk. The function C(z) is analytic at z; if it is continuously (complex) differentiable in an open neighborhood of
70.% Any rational function (f(z)/g(z)) where f(-) and g(-) are polynomials will be analytic on the unit disk provided g(z) # 0 at any
point inside the unit circle. The extent to which this is true for C(z) depends upon the parameters p; and p,.
As shown in Whiteman (1983), there are three cases one must consider. First, assume that |p;| <1 and |p,| < 1. Then (9)
is an analytic function on |z| <1 and the representation is given by
[A(L) +Co
=|———|&
Y= |@=piDd—p,D)

C»= )

(10)

5 Analytic is synonymous with holomorphic, regular and regular analytic.
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For any finite value of Cy, this is a solution that lies in the Hilbert space generated by {x;} and satisfies the tenets of the
solution principle. Thus, we have existence but not uniqueness because Cy can be set arbitrarily.

The second case to consider is |p;| <1 < |p,|. In this case, the function C(z) has an isolated singularity at p5 !, implying
that C(2) is not analytic on the unit disk. In this case, the free parameter Cy can be set to remove the singularity at p; ! by
setting Cp in such a way as to cause the residue of C(-) to be zero at p; !

3 AP D+Co _

lim (1-p,2)C(2) =
Z*l’{l( P27) 1-pipy!

Solving for Cy delivers Co = —p5 'A(p5 !). Substituting this into (10) yields the following rational expectations equilibrium:

_ [LAD=p; 'Ap; D],
T lA=phAd-p Ly |

The function C(z) is now analytic and (11) is the unique solution that lies in the Hilbert space generated by {x;}. The solution
is the ubiquitous Hansen-Sargent prediction formula that clearly captures the cross-equation restrictions that are the
“hallmark of rational expectations models” (Hansen and Sargent, 1980).”

The final case to consider is 1 <|p;| and 1 < |p,|. In this case, (9) has two isolated singularities at p; ! and p5 !, and Cy
cannot be set to remove both singularities.® Hence in this case, there is no solution in the Hilbert space generated by {x,} and
we do not have existence.

an

3. Generalization

This section extends the univariate solution method of Whiteman (1983) to the multivariate case. We also document
how our approach is not susceptible to situations in which Whiteman's multivariate solution method delivers inconsistent
existence and uniqueness criteria.

3.1. Multivariate case

The multivariate linear rational expectations models can be cast in the form of

m 1
Ee { > Fkka[} = { > %L"xt} (12)
k= —n k= —n

where L is the lag operator: L"y[ =Yi_1 Y¢ is a (p x 1) vector of endogenous variables, {I",};’_ _, and {Y’k}i: _pare (p xp)
and (p x q) matrix coefficients, and E; represents mathematical expectation given information available at time t including
the model's structure and all past and present realizations of the exogenous and endogenous processes.” x; is a (q x 1) vector
covariance stationary exogenous driving process with known Wold representation
o0
Xe = Ak =A)e (13)
k=0

where &; =X — P[X¢|X¢_1,X¢_2,...] and P[x¢|X;_1,X;_2,...] is the optimal linear predictor for x; conditional on observing
{(Xc—j};Z ;- Also, each element of S 0 ArAy is finite.

One of the benefits of our approach is that the modeler does not have to specify which elements of the endogenous
vector are predetermined as in Blanchard and Kahn (1980). The form of (12) makes clear what are exogenous and
endogenous variables.

To illustrate how we get a model into the form of (12), consider the standard stochastic growth model with log
preferences, inelastic labor supply, complete depreciation of capital, and Cobb-Douglas technology. The Euler equation and
aggregate resource constraint, after log-linearizing, reduce to the following bivariate system in (c;, k) which must hold for
t=0,1,2,.., ie.

Eici i1 =ce+(a— ke +Ecar 44

7 Our methodology can also handle unit roots. For example, suppose x; = (1—L)A(L)e;. The solution, C(L)e;, would then inherit the unit root via the
cross-equation restriction.

8 As discussed by Whiteman (1983), the problem remains even if p; = p,.

9 While not studied explicitly here, the approach taken in this paper can easily be adapted to study models with “sticky information” (Mankiw and
Reis, 2002) or “withholding equations” (Whiteman, 1983) by replacing E; with E,_; for any finite j, or models with perfect foresight. Indeed, the inclusion of
I periods of lags for exogenous driving processes already allows for the possibility that agents have foresight about some of the future endogenous
variables.
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1-« 1 1
a—ﬂﬁCH—kr :_a[+/_}

afp

ke 1

where (a, f#) are parameters of preference and technology and a; represents the technology shock. We can rewrite the above
bivariate system into the form of (12)

-1 1-a 0 O
E 1o L'+ | 1-ap o+ )|
t 1 0 —- k
00 af B t
V —_ SN——

N —_——
I S I Ve
1 0 0
=[F <O >L7]+ 1 L ag
af ~~
Xt
Y 4 '

where n=m=1,1=0,p=2,and g=1.

Analogous to the univariate solution procedure, we exploit the properties of polynomial matrices to establish conditions
for the existence and uniqueness of solutions to multivariate linear rational expectations models driven by general
exogenous driving processes. Following tenet (iii), the solution will be sought in the space spanned by current and past &.
That is, we look for an equilibrium y, to (12) that is of the form:

Ye= > Cer_x=Ce (14)
k=0

where {y,} is taken to be covariance stationary. Note that such moving average representation of the solution is convenient because
it is the impulse response function. For example, the term Cy(i,j) measures exactly the response of y, (i) to a shock &(j)

(B —Ec—1)ye 4 (D) = Cie(@, ec(f)

where C(i,j) denotes the (i, j)-th element of Cy, y, (i) denotes the i-th component of y,__;, and &(j) denotes the j-th component
of &.

3.2. Solution procedure

If we define 7, (resp. v;) as a (p x 1) vector of endogenous (resp. exogenous) expectational errors, satisfying
Nevk =Yerk—EVerk (1€SP. Veyp =Xp 1k —EeX; ) for all k>0 and hence Eq, =0 (resp. Ew;,=0), then we may write
(12) as

m 1 n
Z Fkka[: Z Tkl-kxt"‘ Z (r—k’/lprk_?l—kyprk) (15)
k=1

k=-n k=-n

Similar to Sims (2001b), it should be noted that the 7 terms are not given exogenously, but are instead determined as part
of the model solution.
First, rewrite model (15) as

n

'Ly, =¥ Lx:+ Z (rfk’?prk_“u—kyuk)
k=1

where I'(l)=Y7_ _ IW[* and %)= Y} _ _, ¥, L*. Applying (14) and the Wiener-Kolmogorov optimal prediction
formula gives

k-1
Nerk=Yerk—EYeir= Lk (Z CiLl> &
izo

k-1
_k i
Vpyk=Xeok—EeXe =L < > AiL1>€t
=0

Substituting the above expressions, (13) and (14) into (15) gives

R k—1 k—1
F(LC(Le = {W(L)A(LH > [nk” <Z C"Ll) ~¥-d <ZAiLi>} }gt
k=1 i=0 =0
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which must hold for all realizations of e. Thus, the z-transform equivalent satisfies
n n
' T@CR=2"Y@2AD+ > > I Cio1—¥ sA )" 5!
t=1s=t

Next, just as in the univariate case, we need to determine the location of the zeros of the complex polynomial matrix
Z"I'(z). This is achieved via the Smith canonical decomposition

fi@ 0
0
U TV =| J2 (16)
@

where fy, ....f, are monic polynomials in z, f;, 1(2) is divisible by f(z) for 1 <k <p—1, U(2) is a product of elementary row
matrices, and V(z) is a product of elementary column matrices. Fori=1,...,p, let

fie= H (z—-z, )fu . 'ﬁl (Z_zij)ﬁy
j=

5 fi

where z; 's are complex-valued roots inside the unit circle with multiplicity my and z;'s are complex-valued roots on or
outside f the unit circle with multiplicity ;. 10 Then

£ fi
'Tz)=U@)~ ! 1

S(z) T@)

where S(z) is a polynomial matrix such that all roots of det[S(z)] lie inside the unit circle while T(z) is a polynomial matrix
with all roots of det[S(z)] outside the unit circle. Therefore, we have

§ U..(2)

I =z, "
Uy (2)

S(2)~ 1| T @z )™
Up.(2)

e
-p — 7 ok
Hk = 1(2 ipk) ’

where Uj.(2) is the jth row of U(2). Substituting this into the equilibrium gives

T @)C(@) = f(z){z"w(zm(m S —Y'SAH]z“-S“-l} a7)
o
_]k

;71(2 t—1s=t

for j=1,...,p. These functions are not analytic on the unit disk due to the singularities at z=z,, for k=1,. T
As in the univariate case, the parameters will be set such that the right hand side of (17) vamshes atz=z; for k=1,.

¢

d m
G2 @@ |-

10" Allowing for the possibility of multiple roots increases the generality and complexity substantially. The examples in the following section show how
our criteria simplify in environments without multiplicities.
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Stacking the above expression yields

0)
{U,a(zj N2} ¥ (z;AG; wZZ?’_sAt 12 1)]

t*157t

m;, =1
|:U (Zl)( T(Z])A( ]) ZZY]—SAf 1Z" S+t— 1):|

t—lsft

tf]S_t

(V]
{Uj_(;jrj)(gfer/(gjrj)A(z )— ZZIP A 1zn s+t- 1)]

m}.ﬁj—l)
{Uj.(gjrj>(gfrjV’(gjrj)A(z )— ZZV’ sAcazy 1)}

t=1s=t
Aj
n ©) ©
{U]—-@,-])SZ]rsg;-S} o gr gy
n . (m; 1) . m, 1)
{u,-_(gjl)z:rsgjfp} N [V CT Y Co
s=1 Cl
n © . 0 :
peotrg| - e |len)
oL . c
n @, -V (m, ~1
n—s -1 =l
{Uj‘(zjff)zrszjif } {Uj'(gfij)rfngfz }
R;
Further stacking over j=1,...,p yields
A=—-— R C (18)

[r=q] [rxnp]npxq]

where r = Z 712,(7]_,{
The propertles of Eq (18) determine whether the rational expectations equilibrium exists. Existence cannot be

established if at least one column of A is outside of the space spanned by the columns of R—the endogenous shocks or
forecast errors # cannot adjust to offset the exogenous shocks x. The precise existence condition is that columns of A are
strictly spanned by the columns of R, i.e.

span(A) C span(R) (19)

Similar to the univariate case outlined above, the function C(z) is not analytic on the open unit disk due to the zeros inside
the unit circle z= Z.- . The spanning condition (19) tells us if we have a sufficient number of free parameters to remove the
singularities. However, as we show below, simply counting the number of zeros inside the unit circle and comparing it to the
number of free parameters is insufficient and can deliver incorrect existence and uniqueness conditions.

To check whether (19) is satisfied, we follow Sims (2001b). Let the singular value decompositions of A and R be given by
A=UsSpV) and R= UgSgV%. Then R's column space spans A's if and only if (I—UgrUg)Uu = 0. If this holds, the candidate
values of C can be computed as, C = — VSz 'UpA.

Uniqueness requires that we are able to determine {C;};"_, uniquely from the parameter restrictions supplied by
A= —RC. Since V(-) is unimodular, it's inverse this is equivalent to determining the coefficients {Dy};"_, of D(z) = V(2) ~ 1C(2),
which can be computed using the inversion formula

_ 1 ' —k—-1
Dk_z—m./FD(z)z dz

= sum of residues of D(z=")z*~ 1 at poles inside unit circle
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Note that the jth row of D(z~1)zk~ ! is given by

=Ty ,k—1 n_n
Ul 22 - {Z"Y’(Zl)A(ZlH > Z[r_scmT_sAm]z“”“”}

T _ m, 7 1 = )
Po1@ =z I @ = Zp)™ t=1s=t

which has poles inside unit circle at ij with multiplicity m, for k=1, ...,?j.“ Some tedious algebra allows us to write the
jth row of each D, as a function of C that only shows up in the following common terms shared by all D;'s

d {U @ 1)221— Cpqz—(=s+t- 1)}

5 i=0,...,ﬁjk71, k=1,...,fj

t=1s=t oz
Stacking the above expressions yields
__ ©) - ©

[ )Zs_ll" Z <n s)] [Uj_( 1 Nro, (n 1)]
7= (M —1) - _'_ @ c
[ 1 )Zsf1r (n s)} j [Uj-(zﬂl)rfnzﬂ(n 1)] j 0
. . G
o © :

Z, z; " z7 "
[Uj,(Zﬁj )Z?:1F szk n— s] [Uj( 7 )F n— ] o
Zg - S 11 =1
[Uf'(zjﬂ']) Zg: 1T szf(n S)] [Uj,(ZJFj])F_nz]?j(ﬂ 1)] j

Q;

Further stacking over j=1, ..., p yields QC. Thus A = —RC pins down all the error terms in the system that are influenced by
the expectational error #. That is, we use RC to determine QC and the solution is unique if and only if

span(Q’) c span(R’) (20)

In other words, determinacy of the solution requires that the columns of R’ span the space spanned by the columns of Q’, in
which case we will have QC = ®@RC for some matrix @.'?

When (19) and (20) is satisfied, we can obtain the unique analytical solution for y, which is indexed by Cj, C%, ..., C:_ .13

t=1s=t

n n
CLyee ="' L) ~" {L"‘P(L)A(LH DD = AL }et

The above solution captures all the multivariate cross-equation restrictions linking the Wold representation of the
exogenous process, A(L), to the endogenous variables of the model. This mapping is essentially a multivariate version of
the celebrated Hansen-Sargent formula, and serves as a key ingredient in the analysis and econometric evaluation of
dynamic rational expectations models.

3.3. Connection to other solution procedures

We demonstrate how our approach is different from the multivariate treatment of Whiteman (1983) and similar to that
of Sims (2001b) with specific examples.
The first theorem of Chapter IV of Whiteman (1983) states:

Theorem 5 (Whiteman, 1983). Suppose the model is

rE{ZFL 1+ZGL}y[_xt @n

j=1

where y, and x; are (q x 1), Fj and G; are (q x q), and X, has World representation given by (13). Suppose further that Fy is of full
rank, that the roots of

det[z (ZFZ T+ Zczfﬂ :Jgszf

j=1

" For k=0, there is an additional pole inside unit circle at 0.

12 Similar to the space spanning condition for existence, (20) can be verified using the singular value decompositions of Q and R.

13 We also need to impose a “consistency condition” when (12) is a withholding equation—some relevant information is concealed from agents so that
(12) contains terms like E;_;y; ., ; for some i,j > 0. See Whiteman (1983) for details.
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are distinct, and that rq of these roots are inside the unit circle while the other p—rq < (n+m)q—rq roots lie outside the unit
circle. Then

1. if r < n, there are many solutions to (21).
2. if r =n, there is one solution to (21).
3. if r > n, there is no solution to (21).

As noted in Onatski (2006) Section 3.3, there is a logical inconsistency between this multivariate theorem and the
univariate counterpart described in Section 2.2. The following example clarifies this point.’* Consider the following model
consistent with (21):

F1EYi 1 +Foy  +G1ye—1=Xe

10 —(p1+p2) 0 pip2 0
Where Fl:(o 1)’F°=< 0 ~pron ) =0 g,

and assume that A(L) is diagonal. This simplifies to a system of two unrelated equations

EYie41—(P1+P2)V1e HP1P2Y 16— 1 = Xat
EcYarr1— (@1 + @2V +P1P2Y20 1 =Xat

each of which can be solved individually without reference to the other. These equations are identical to (8) described in the
univariate section and the solution procedures outlined there will hold. Therefore we can write

_An+G D, )+ GoR.2),
A—p:DA-p,D) " 72~ A=A -0

Suppose |p4],|p,1 <1 and |@],1¢,] > 1 so that there are two roots inside the unit circle and two outside. We have
n=1m=1,p=4,q=2,r=1, and according to Whiteman's theorem, we have a unique rational expectations solution.
However, it is clear from (22) and the results of Section 2.2 that y;, has an infinite number of solutions and y,; has no
solution. Therefore, Whiteman's multivariate theorem is incorrect and inconsistent with the univariate treatment. The
reason is that there is no way to set Cy(1, 1) to cancel the extra root inside the unit circle in y,, due to the decoupled nature
of the system. This criterion also shares the same setback as the “root-counting” criterion of Blanchard and Kahn, 1980 that,
as pointed out by Sims (2007), will break down in situations where the unstable eigenvalues (i.e., roots inside the unit circle
by Theorem 1) occur in a part of the system that is decoupled from other expectational equations.'”

Translating this example into our notation gives I'_{=F;,Ig=Fy,I'1 =G; and ¥y =1, and the z-transform of (15)
becomes (I _1+zI"o+2*I"1)C(z) = zZA(2)+1 _1Co. The Smith decomposition of zI'(z) gives

(1 0 _((A=p1(1=py2) O
S(z)_<0 (1—¢1Z)(1—<ﬂ22)>’ T(Z)_( 0 1)

where the roots inside the unit circle in S(z) place restrictions on the unknown coefficients Cqy

© 1)(ZA(Z)+F—1CO)|2:1/(p1,1/(p2 =0

Yir (22)

Stacking the above restrictions yields

Co =
R 2 2

Existence of solution requires that span(A) c span(R), which is violated here and hence our solution algorithm would return
“no existence.”

The solution method derived in this section is intimately related to many other approaches proposed in the literature. In
particular, the following proposition makes the connection to that of Sims (2001b) with a slight simplification of (12) that is
more in line with the models analyzed therein.

4 We are indebted to an anonymous referee for this suggestion.
15 The root-counting criterion states that the solution exists and is unique when the number of unstable eigenvalues matches the number of forward-
looking variables, which is clearly satisfied here.
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Proposition 1. Consider the multivariate linear rational expectations model.'®
(AL '+ Ty =¥ 1L "%+ T 1y 23)

Assume that I" _4 is of full rank, and both the eigenvalues of —I“:}I"o and the roots of det[I" _1+z[ o] =0 are nonzero and
distinct. Then

(1) Factorization equivalence: the eigenvalues of —1I° :}F o are exactly the inverses of the corresponding roots of
det["_1+zl]=0.

(2) Existence equivalence: the restrictions imposed by the unstable eigenvalues in Sims (2001b) are exactly those imposed by the
roots inside the unit circle in this paper.

(3) Uniqueness equivalence: the conditions under which the solution to (23) is unique are equivalent between Sims (2001b) and
this paper.

The proofs of (2) and (3) are relegated to the appendix but we demonstrate the connection between the eigenvalues of
—F:}FO and the roots of det[/"_;+2z[ o] =0 (see Hamilton (1994) for additional treatment). First, the eigenvalue A of
fF:}Fo can be computed as |F:}F0 +Al|=0. Since I'_; is assumed to be of full rank and z#0, we have
‘F,H—ZI"O’ = ‘zl",1’ I"jl"g+%l| =0, or F:%F0+§I| =0. This establishes 1 =1. Second, let I'_1+2zl o =U(z)"'P(2)V(2) "
where U(z) and V(z) are unimodular matrices and P(z) is the Smith canonical form for /"_ +z[. Since |U(z)| and |V(z)| are
nonzero constants, the roots of |I"_1+z/g| =0 are exactly those of [P(z)| = 0. Therefore, the zeros of our analytic function
are identical to the eigenvalues of the —I” :}I“ o matrix.

4. Motivating examples

We provide two examples that demonstrate the usefulness of solving linear rational expectations models in the
frequency-domain. One is taken from the literature and therefore not rigorous, and the other is new in this paper.

4.1. Incomplete information

One of the more compelling reasons to solve models using the approach laid out above is the ease with which it handles
incomplete information. The following example is a slightly modified version of Kasa et al. (2014) (KWW, henceforth).
Consider the following standard asset pricing equation:

1
pt:ﬁ/o Eipe di+fr—u (24)

where time is discreet and indexed by t =0, 1,2, ...; there is a continuum of investors on the unit interval indexed by i, p,
represents the price of an asset (e.g., an equity price or an exchange rate), f; represents a commonly observed fundamental
(e.g., dividends), and u; represents the influence of unobserved fundamentals (e.g., noise or liquidity traders). Observed
fundamentals are driven by the exogenous process

fe=a1(Derc+ax(L)ex (25)

where aq(L) and a,(L) are square-summable polynomials in the lag operator L. The innovations, €1 and &, are zero mean,
unit variance Gaussian random variables, and are assumed to be uncorrelated both contemporaneously and across time.

KWW assume two trader types—Type 1 and Type 2. Each period both traders observe p, and f,. However, in addition,
Type 1 traders observe the realizations of €1;, while Type 2 traders observe the realizations of &;.

The primary difficulty in solving dynamic rational expectation models with incomplete information is deriving the
information set of each trader type. The information sets evolve endogenously, especially when agents form higher-order
expectations (beliefs about other agents' beliefs). KWW show how the information structure of each agent can be backed
out rather easily through the use of the methodology advocated here. Specifically, assume that the equilibrium is given by
Dy = m1(L)ere + w2 (L)eye + 3 (L)ese, then for Type 1 traders, the mapping between observables and the underlying shocks takes
the following form:

E1t 1 0 0 E1t

fe | =@l axl) 0 &t

Pt m(L) m(l) 73(L) | | v

X1t = Mi(D)€1e (26)

16 Since all variables are taken to be zero-mean linearly regular covariance stationary stochastic processes in this paper, the vector of constants in Sims
(2001b) drops off from (23).
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where the 7;(L) polynomials are equilibrium pricing functions. Each trader knows these functions when forecasting next
period's price. Of course, these pricing functions depend on the forecasts via the equilibrium condition (24), which yields a
fixed point problem.

KWW show that the invertibility of M;(L) (or the lack thereof) determines the extent to which the endogenous variable
(the price of the asset) reveals the underlying shocks €1;. The amounts to ensuring tenet (iii) holds in equilibrium; that is,
the equilibrium must lie in the space spanned by the fundamental shocks, which are not necessarily €;,. KWW derive
conditions in which (26) is not invertible for equilibrium values of p,. This involves finding the fundamental representation
of (26), and then following the solution procedure outlined above.!”

KWW (and many others Futia, 1981; Taub, 1989; Kasa, 2000; Walker, 2007; Rondina, 2009, Makarov and Rytchkov,
2012, Bernhardt et al., 2010, Rondina and Walker, 2013, Huo and Takayama, 2015) advocate for z-transform techniques in
solving dynamic models with incomplete information. Time domain methods can be kludge due to the need to specify a
priori state variables and specific functional forms. For example, using the method advocated here, (26) is a perfectly
reasonable guess for the equilibrium. One would take expectations of (26) using the Wiener-Kolmogorov expectation
formula, plug this into the equilibrium equation (24) and assess existence and uniqueness. Using time domain
methodology, one would have to specify a specific functional form for z(-) (e.g., ARMA(1,1)) before solving for the
rational expectations equilibrium. This additional step can be quite burdensome and also lead to incorrect inference (see
Kasa, 2000; Walker, 2007).

4.2. Observational equivalence

Our second application applies our solution method to solve a cashless version of the model in Leeper (1991), and shows
that the two parameter regions of determinacy in this model can generate observationally equivalent equilibrium time
series driven by carefully chosen exogenous driving processes. The model's essential elements include: an infinitely lived
representative household endowed each period with a constant quantity of nondurable goods, y; government-issued
nominal one-period bonds so that the price level P can be defined as the rate at which bonds exchange for goods; monetary
authority follows nominal interest rate (R) rule whereas fiscal authority follows lump-sum taxation (z) rule.

The household chooses a sequence of consumption and bonds, {c;, B¢}, to maximize Eo > 7~ , ﬂ[u(c[) where 0 <f <1 is
the discount factor, subject to the budget constraint c; +%§+Tt = y+% taking prices and the initial principal and interest
payments on debt, R_1B_; > 0, as given. Government spending is zero each period, so the government chooses a sequence
of taxes and debt to satisfy its flow budget constraint ‘,,i;+‘rt = % given R_1B_1 > 0. After imposing the goods market
clearing condition, ¢; =y for t >0, the household's consumption-Euler equation reduces to the simple Fisher relation
R =PEp:

For analytical convenience, we close the model by specifying the following monetary and fiscal policy rules

Re = R*(me/m*)%e%, 6, "*N(©0, %))

7 =7%be_1 /DY ¥, N, 62)

where 7; =P;/P;_1, by = B:/P;, and = denotes the steady state value for the corresponding variable. .
Log-linearizing the above equations around the steady states, the system can be reduced to a bivariate system in (7, b;)
where X; denotes the deviation of In x; from In x*

Eftei=am+6;
be+p A= —y(B =10 1 +af A —(B =D+ 0

for t=0,1,2,.... Putting these equations into the form of (15) gives

G o+ (3 (s ) (5

———
I 4 To

Y
1 0 00 6: 1 0\ ("
= 1 L+ L +< )
(o ~G-9)+(5 o)t/ (un)*(o o) (e
—_————— —_—— | —— T T — —

Yo ¥ Xt I Mes

17 We direct readers to KWW for details on how to find the fundamental representation of (26) when M (L) is non-invertible.
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wheren=m=I[=1,p=q=2,and A(L) is taken to be a (2 x 2) identity matrix. Following the solution procedure outlined in
Section 3.2, we compute the Smith decomposition of z/'(z) as

1 0

2l2)=U@""| o z(z—l> 2_# Vi)~!
D

Evidently, det{z/"(2)] has three distinct roots, i.e.z; =0,z, =1 and z3 = 1

p
if either || >1 and |y| > 1, or |a| < 1 and |y| < 1. This implies that the policy parameter space is divided into four disjoint
regions according to whether monetary and fiscal policies are, in Leeper (1991) terminology, “active” or “passive”.

CASE 1: @ < 1 and y > 1. Then we have one root inside the unit circle, i.e. z; = 0, with the other two outside, i.e. z; = % >1

+. A unique bounded equilibrium can exist
1)

and z3 :ﬁ > 1. Therefore, z/'(z) can be decomposed as the product of
1 1
pr\p1
1 0
10
_ -1 _ 1 1 -1
S@) =U(z) (0 z>, T@)=| o (Z‘a) Z_m V(@)
B 14

Solving for the R and A matrices gives

aa+1—y+fp—(1+p) 0
Uas.(z; DI -4 T—7+pr
R=Uy (@)l 1=(0 0) and Q:<Uz.(z3—1)r1 = | @riovepa-yepn-paipn
afp

Since span(Q’) « span(R’) , any candidate of Cy that satisfies the existence condition may lead to a different solution for y,
and hence there are infinite solutions.

CASE 2: @>1 and y > 1. Then we have two roots inside the unit circle, i.e. z; =0 and z, = % < 1, with the other outside,
Z3= ﬁ > 1. Therefore, zI"(z) can be decomposed as the product of

(i
1 0

1 0 1
S<z>=U<z)-1(0 Z(Zl)>, Te)=|0 Z-7 77 |V@ !
’ 5(1)

where the roots inside the unit circle in S(z) place restrictions on the unknown coefficients Co.'®
UZ-(Z)[ZT(Z)+F— 1 CO]lZ =1/a = 0

Notice that

Ua.(z)I" -4 0 0 1 (a+1-y+ppA—y+pp—-PA+P)
= = — —q = - ES 0
R= <U2-(Zz)r1 ) N (1(13-(71—+€Y+ﬁyf O) and Q=Ua(z3 ))I"s < aﬂz >

Since span(Q’) ¢ span(R’) holds, any candidate of Cy that satisfies the existence condition will lead to the same solution for y,
and hence the solution is unique. Finally, the z-transform of the coefficient matrices for y, is given by

1
- 0
1 B
C2)=@l(2) 2P @)+ _1Co| = "« 1 1- 1
: < 1—y+Pr 1 1=y+pr,_ 1
p p

18 Here we omit the restriction imposed by z= 0 because it is unrestrictive.
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implying that

1
. - 0 0 0
Tt et a et ) k ef—k
2 =cw) = +> .07 1Y &
<bt> <Wt> 1 1_1 (W[) k=1\ 75 (1——>[J (W[k)
af B af p
Co G

where p = %— y(%— 1) < 1 and Cy not only satisfies the existence condition but is consistent as well. Also, observe that fiscal

shock and its lags do not enter the solution for 7. This consequence is consistent with Sims (2001b) because we have one
unstable eigenvalue (a > 1) in the Fisher relation containing expectational terms, which allows it to evolve separately from
the government budget constraint and hence 7, is not affected by the fiscal shocks.

CASE 3: a <1 and y < 1. Then we have two roots inside the unit circle, i.e. z; =0 and z3 = —1— < 1, with the other
outside, z, =1 > 1. Therefore, zI'(z) can be decomposed as the product of %‘7(%‘1>
1 0
. 1 1 0 i
S(2)=U(2) 0o z|lz———— , T)= 0 z_1 V(z)
a

)

where the roots inside the unit circle in S(z) place restrictions on the unknown coefficients Cq

Uz_(Z)[ZT(Z)+F,1C0}| 1 =0

Notice that

UZ‘(Z”I—'*] 0 0 a@+1—y+py)—(A+p
R= = A—7+Br—ap) and Q=U, (z ) _, = (21 rtln-0+h g
(UZ'(Z3)F1> <_ﬂa<1y+rﬁy/iy?1 0 Q=Ua(z ) ( T=r+pr )

Since span(Q’) c span(R’) holds, any candidate of Cy that satisfies the existence condition will lead to the same solution for y;,
and hence the solution is unique. Finally, the z-transform of the coefficient matrices for y, is given by

1_z 1-p_1
a1 a1
C@2)=@l2) '[z2P@+T _1Co] = - 2

0 0

implying that

e _ O (-0 p-1 O > fak-1 (f-1)ak [
()=o) (o o) )= 2 (5 70 ) ()
—_——

Co Ck

where Cy not only satisfies the existence condition but is consistent as well. In contrast to the previous case, fiscal shock and
its lags now enter the solution for 7,. This consequence is also consistent with Sims (2001b) because the only unstable

eigenvalue (llj—y(/lj— 1) > 1) stays in the government budget constraint containing no expectational term. Determinacy of

solution thus requires that such unstable eigenvalue be imported into the Fisher relation which entails bringing the fiscal
shocks in the solution for 7;.
CASE 4: a>1 and y < 1. Then all roots are inside the unit circle. Therefore, z/'(z) can be decomposed as the product of

1 0

_ -1 _ -1
S(2)= U2 0 Z(zf(];) 27# , T@=V(©2
)
where the roots inside the unit circle in S(z) place restrictions on the unknown coefficients Cqy

U,.(2) [Z'{I(Z)ﬁ’[‘,lcd I,

1 =
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This gives the following system:

L-y+pr—apf 1-y+pr—ap 0
@1y +pfy) co_ | ®A=r+hn)
_PA=y+py—ap) |7°7 0 _pA=PA—y+Pr—ap)
al—y+pyry al—y+pyy’
R A

Since span(A)  span(R), the solution does not exist.

Given the distinct equilibrium dynamics in the above example, it seems straightforward to distinguish an equilibrium time
series generated by active monetary/passive fiscal policies (Case 2) from that generated by passive monetary/active fiscal
policies (Case 3). Unfortunately, subtle observational equivalence results can make it difficult to identify whether a policy
regime is active or passive. The solution methodology developed in this paper makes it possible to study such observational
equivalence phenomenon and the implied identification challenge that potentially resides in many well-known DSGE models.
In what follows, we highlight the point that simple monetary models show that two disjoint determinacy regions can generate
observationally equivalent equilibrium time series driven by generic exogenous driving processes. This suggests that existing
efforts to identify policy regimes may have been accomplished by imposing ad hoc identifying restrictions on the exogenous
driving processes.

For simplicity, we assume that the Wold representations for the exogenous driving processes in Cases 2 and 3 are given by

O\ (And) O €1 O\ (Bu) O 1
ve) \ 0 AnM) ) \ex ) \w.) \ 0  Bxnd)\eéex
[ —— —_
AL B(L)
where the functional forms for {A11(-), A2 (), B11(-), Ba2(-)} are left unspecified.’® We proceed by resolving the model for both cases.
See Appendix A for derivation details.
CASE 2: let a =y > 1 and y =y, > 1. Then we have two roots inside the unit circle, i.e. 0 and z}/ = ai] <1, with the other

outside, ) = ) > 1. The z-transform of the coefficient matrices for y, is given by

b

_ MZA11 (@) — 2V A1 (2))
c z{ — = 0
1@=1 amae 1) mane
z-2" Y/ 2z-2

which gives the solution under active monetary/passive fiscal regime.

CASE 3: let @ = a; < 1 and y = 7, < 1. Then we have two roots inside the unit circle, i.e. 0 and zf = —1—~ < 1, with the
other outside, zf =L > 1. The z-transform of the coefficient matrices for y, is given by pr2 (%‘1)
2
__ZBu®@ 1 Z{Bx(Zh)
c i z—2} (-5 z—2f
20 = 1\ Bu@-Bn@)
0 a—1)z————F—=
z—25

which gives the solution under passive monetary/active fiscal regime.
Equating the polynomial matrices C;(z) and C,(z) element by element delivers the following system of restrictions on the
exogenous driving processes in both cases
ZA]](Z)—ZQWAH(ZQVI): ZB11(2)
z—2M z—2f

Aqq (ZI]VI) =0

Bys (25) =0

An() _ LBzz(Z)—Bzz(Zg)

z—zM z—25

F F
where y = ZZ—,34 and v = zz—ﬁ,, This system seems overly restrictive but the fact that there are sequences of infinite undetermined
1 2

coefficients in the polynomial functions {A11(z),A22(2), B11(2), B22(z)} buys one enough freedom of matching the terms. We
have established the following theorem:

19 Obviously, this modified model is not readily solvable by conventional approaches.
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Theorem 6. Let {A11(2),A22(2), B11(2), B22(2)} be given by

An@)=ao+a1z, An@)=c+ac1z (27)
B11(2)=bo+b1z, Bx(2)=do+diz (28)
Then there exist an infinite sequence of solutions satisfying the above system of restrictions, one of which is given by*°
1 1
ap=1, 0 2 =1, 2 (29)
bp=1 b——l do=1 d—fl (30)
o=1, D1 = 7 o=1 di= Z

Its proof is trivial and thus omitted. This simple monetary model shows that two disjoint determinacy regions can
generate observationally equivalent equilibrium time series driven by properly chosen exogenous driving processes.
However, further study is needed to examine whether such conclusion extends to more complicated DSGE models that
researchers and policy institutions employ to study monetary and fiscal policy interactions.

5. Concluding comments

There are many other solution methodology papers in the literature that, like this one, expand the range of models
beyond that of Blanchard and Kahn (1980), Anderson and Moore (1985), Broze et al. (1995), Klein (2000), Binder and
Pesaran (1997), King and Watson (1998), McCallum (1998), Zadrozny (1998), Uhlig et al. (1999), and Onatski (2006). There
are compelling reasons for studying models with arbitrary number of lags of endogenous variables, or lagged expectations,
or with expectations of more distant future values, and with generic exogenous driving processes that may be interesting to
economists. From a purely methodological perspective, analyzing more general models gives new insights into methods
developed under more restrictive assumptions and allows their deeper interpretation. Moreover, as we argue here, new (or
old) techniques could prove useful for solving complicated linear rational expectation models.

We show that the advantage of this frequency-domain approach over other popular time-domain approaches derives
from its provision of new insights into solving several well-known challenging problems, e.g. dynamic models with
incomplete information and observational equivalence between equilibria. Therefore, the frequency domain solution
methodology adds a new and (we argue) fruitful dimension to those listed above.

Two useful extensions of our solution methodology would be to accommodate continuous-time processes as in Sims (2001b) and
to extend our method to nonlinear solutions. Explicit extensions to continuous-time and nonlinear systems enables one to tackle
problems that can hardly be dealt with in the discrete-time systems, linear setting.A continuous-time extension makes it possible to
study various non-stationary or near non-stationary features commonly present in almost all important macroeconomic time series
data. These non-stationarities usually cannot be fully removed by simple detrending or transformations and very often, these
detrending efforts may incur loss of important long-term information about the data that is potentially valuable to researchers. Most
dynamic models do not have a natural linear structure. Extending our methodology to nonlinear frameworks would have obvious
payoffs. One approach would be to use a Volterra expansion as opposed to the Wold representation. We leave this for future research.
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